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ADDITIONAL REDUCTIONS IN THE K-CONSTRAINED 
MODIFIED KP HIERARCHY 



O. CHVARTATSKYI AND YU. SYDORENKO 



Abstract. Additional reductions in the modified k-constrained KP hierarchy 
are proposed. As a result we obtain generalizations of Kaup-Broer system, 
Korteweg-de Vries equation and a modification of Korteweg-de Vries equation 
that belongs to the modified k-constrained KP hierarchy. We also propose 
solution generating technique based on binary Darboux transformations for 
the obtained equations. 



1. Introduction 

The algebraic constructions ol the well-known Kyoto group [T] , which are called 
the Sato theory, play an important role in the contemporary theory of nonlinear 
integrable systems of mathematical and theoretical physics. The leading place in 
these investigations is occupied by the theory of equations of Kadomtsev-Petviashvili 
type (KP hierarchy) and their generalizations and applications [IH3]. 

One of known generalizations of the KP hierarchy arise as a result of k-symmetry 
constraints (so-called k-cKP hierarchy) that were investigated in [4]-[8] . k-cKP hier- 
archy are closely connected with so-called KP equation with self-consistent sources 
(KPSCS) [9-12 . Multicomponent k-constraints of the KP hierarchy were intro- 
duced in [T3] and investigated in [T3HT5] . This extension of k-cKP hierarchy con- 
tains vector (multicomponent) generalizations of such physically relevant systems 
like the nonlinear Schrodinger equation, the Yajima-Oikawa system, a generaliza- 
tion of the Boussinesq equation, and the Melnikov system. 

The modified k-constrained KP (k-cmKP) hierarchy was proposed in 19,20]. It 
contains, for example, the vector Chen-Lee-Liu, the modified KdV (mKdV) equa- 
tion and their multi-component extensions. The k-cmKP hierarchy and dressing 
methods for it via integral transformations were investigated in |2"Trf2"3"] 

In [24125] (2+l)-dimensional extensions of the k-cKP hierarchy ((2+l)-dimensional 
k-cKP hierarchy) were introduced and dressing methods via differential transfor- 
mations were investigated. Some systems of this hierarchy were investigated via 
binary Darboux transformations in 22,23 . This hierarchy was also rediscovered 
recently in [5ni[2I]- Matrix generalizations of (2+l)-dimensional k-cKP hierarchy 
were considered in [281129] . 

In this paper our aim is to consider additional reductions of the k-cmKP hier- 
archy that lead to new generalizations of well-known integrable systems. We also 
investigated dressing methods for the obtained systems via integral transformations 
that arise from Binary Darboux Transformations (BDT). 



Key words and phrases, solitons, binary Darboux transformation, modified constrained 
Kadomtsev-Petviashvili hierarchy, Grammian solutions. 



1 



2 



O. CHVARTATSKYI AND YU. SYDORENKO 



This work is organized as follows. In Section 2 we present a short survey of results 
on constraints for the KP hierarchies including the k-cmKP hierarchy. In Section 
3 we investigate Lax representations obtained as a result of additional reductions 
in the k-cmKP hierarchy and corresponding nonlinear systems. Section 4 presents 
results on dressing methods for Lax pairs obtained in Section 3. In the final section, 
we discuss the obtained results and mention problems for further investigations. 

2. Symmetry constraints of the KP hierarchy 

Let us recall some basic objects and notations concerning KP hierarchy, modified 
KP hierarchy, their multicomponent k-constraints and their (2+l)-extensions. A 
Lax representation of the KP hierarchy is given by 

L tn = [B n ,L], n>l, (1) 

where L = D + UiD^ 1 + U2D~ 2 + . . . is a scalar pseudodifferential operator, ti := x, 
D := -g-, and B n :— (£")+ := (£™)>o = D n +J2i=o u iL> 1 is the differential operator 
part of L n . The consistency condition (zero-curvature equations), arising from the 
commutativity of flows ([T]), is 

B n ,t k — Bk,t n + [Bn, Bk] = 0. (2) 

LetB; denote the formal transpose of B n , i.e. B n := {-l) n D n +Y J r -^{~l) l D 1 uJ , 
where T denotes the matrix transpose. We will use curly brackets to denote the ac- 
tion of an operator on a function whereas, for example, B n q means the composition 
of the operator B n and the operator of multiplication by the function q. The fol- 
lowing formula holds for B n q and B n {q}: B n {q} := (B n q) = o — B n q — (£?n<z)>o- In 
the case k = 2, n = 3 formula ([5]) presents a Lax pair for the Kadomtsev-Petviahvili 
equation. Its Lax pair was obtained in [30] (see also [31]). 

The multicomponent k-constraints of the KP hierarchy is given by |13] 

L tn = [B n ,L], (3) 

with the k-symmetry reduction 

rn m 

L k := L k = B k + J2J2 '/<"'<./ /} = B k + qA4 0J D- 1 r T , (4) 

i=i j=i 

where q = {q±, . . . , q m ) and r = (n, . . . , r m ) are vector functions, A^o = ( m ij)Tj=i 
is a constant m x m matrix. In the scalar case (m = 1) we obtain k-constrained 
KP hierarchy 0HH] - The hierarchy given by ©-((1]) admits the Lax representation 
(here k 6 N is fixed): 

[L k ,M n ]=0, L^B t +qAi W, M n = d tn -B n . (5) 

Lax equation ([5]) is equivalent to the following system: 

[L k , M n ]> = 0, M n {q} = 0, M T n {v} = 0. (6) 

Below we will also use the formal adjoint B* := B n = {-l) n D n +Y^~o{-l) i D i u* i 
of J5 n , where * denotes the Hermitian conjugation (complex conjugation and trans- 
pose). 

For k = 1, the hierarchy given by ([5]) is a multi-component generalization of 
the AKNS hierarchy. For k — 2 and k = 3, one obtains vector generalizations 
of the Yajima-Oikawa and Melnikov [5ttTT] hierarchies, respectively. An essential 
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extension of the k-cKP hierarchy is its (2+l)-dimensional generalization introduced 
in [SUES] and rediscovered in p6ll27j. 

In piUHO], a k-constrained modified KP (k-cmKP) hierarchy was introduced 
and investigated. Dressing methods for k-cmKP hierarchy under additional D- 
Hermitian reductions were also investigated in [21"l[2"2] . At first we recall the defini- 
tion of the modified KP hierarchy. A Lax representation of this hierarchy is given 

by 

L tn = [B n ,L], n>l, (7) 

where L = D + Uo + U^- 1 + U 2 D- 2 + . . . and B n := (L n ) >0 := D n +J27=i u z D l is 
the purely differential operator part of L n . The consistency condition arising from 
the commutativity of flows , is 

B n ,t k — Bk^t n + [B n , B k ] = 0. (8) 

The multicomponent k-constraints of the modified KP hierarchy are given by the 
operator equation: 

L tn = [B n ,L], (9) 

with the k-symmetry reduction 

in m 

L k := L k = B k - £ mjD-^jD = B k - qMoD^^D, (10) 

i=i i=i 

where q = {q\, . . . , q rn ) and r = (n, . . . , r m ) are vector functions, A4q = (m,j )Tj=i 
is a constant m x m matrix. The hierarchy (|9"1)- (|10|) admits the Lax representation 
(here k £ N is fixed): 

[L k ,M n }=0, L k = Bk-qMoD^^D, 

M n = a n d tn - B n , B n = D n + E-L"! 1 UrD\ 1 ' 

We can rewrite the Lax pair in the following way: 

[L k ,M n ] = 0, L k = B k -qM r T +qM D~ 1 rJ, 

M n = a n d tn - B n , B n = D n + Y%=1 u t D\ [ ' 

From Lax representation for k-cKP hierarchy ©-([S]) and representation (Tl"2")) we 
come to conclusion that equation [L k ,M n ] = in (fTTj) is equivalent to the fol- 
lowing system: [L k ,M n } >0 = 0, A/„{q} = 0, (M£){r x } = ([L fe ,M„] =0 = 
since [Lfc,M„]{l} = 0). We can rewrite the last equation in the following form: 
[D M^D){r} = to keep the order of differentiation equal to n. As a result we 
obtain: 

[L k , M n ] >0 = 0, M„{q} - 0, (IT 1 A£D){r} = 0. (13) 

The hierarchy (fTT|) contains vector generalizations of the Chen-Lee-Liu (k = 1), 
the modified multi-component Yajima-Oikawa (k = 2) and Melnikov (k — 3) hi- 
erarchies. Consider some equations that can be obtained from (|11[) under certain 
choice of k and n (see [23] ) . 

(1) k = 1, n = 2. Then (QTJ becomes 

L X = D- qMoD^^D, M 2 = a 2 d t2 - D 2 + 2qM r T D. (14) 
In this case equation (|13j) becomes the following system: 
«2qt 2 - Qxx + 2qA4 r T q x = 0, a 2 rj + rj x + 2rJqA^ r T = 0. (15) 
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Under additional Hermitian conjugation reduction: a 2 = i, Mo = —Mq, 
r T = q* (L* = -D- 1 L 1 D, M 2 * = D-~ L M 2 D) in ^ we obtain the Chen- 
Lee-Liu equation: 

«q* 2 ^ Qxx + 2qX q*qx = o. (16) 

(2) k = 1, n = 3. In this case (fTTj) takes the form: 
Li =D-qM ^ 1 r T D, 

M 3 = a 3 8 t3 -D 3 + 3qM Q r T D 2 + 3[q x AV T - (qAi r T ) 2 ] A 
and equations (1131) read: 

a3q* 3 = <±xxx ~ 3(qX r T )qxx - 3(q x M r T - (qM r T ) 2 )q x , 



(17) 



asrl = rj xx + 3rJ x (qX r T ) + 3rJ(qX rJ + (qAi r T ) 2 ). 



(18) 



After reduction of Hermitian conjugation: a 3 = 1, r T = q*, A4q = —Mq 
(LI = -D~ X L X D, M| = -D^M^D) (US) becomes: 

qt 3 = q^ - 3(qX q*)qxx - 3(q 2; A^ q* - (q-Moq*) 2 ^- (19) 
(3) fc = 2, n = 2. After additional reduction in (|lip : a 2 = i, Ui := ill, 
u = u(x, t 2 ) 6 M, A4o = A^o L ax P a i r m (H3J) reads: 
[L 2 ,M 2 ] = 0, L 2 = D 2 + iuD - qM D~ 1 q*D, M 2 = id t2 — D 2 — iuD, 
and equation (|13J) becomes the modified Yajima-Oikawa equation: 
*q* 2 = <ixx + iuq x , u t2 = 2(qMoq*)x- 

In the next section we will introduce additional reductions in Chen-Lee-Liu hierar- 
chy. As a result we will obtain generalizations of the Kaup-Broer system, Korteweg- 
de Vries equation, modified Korteweg-de Vries equation and their scalar coupled 
versions. 

3. Additional reductions in the modified k-constrained KP hierarchy 

For further convenience let us make a change in formulae (|11[) : 

q -> q, r -> f, M -> M . (20) 

After the change (|20|) the hierarchy (fTTj) reads: 

[L fe ,M„]=0, L* = B fc - qAi -D -1 r T I>, M n = a n d tn -B n , 
B n =D-+^- 1 1 u i D i . [Zi) 

Let us make the additional reduction in (I21[): 



q:= {q- 1 ,...,q m ,-v- fiD 1 {u}, 1) = (q, — t> - /3-D H'"}. 1 )* 

- /Xo 0\ 
A4 = 1 , f :=(n,...,r m> l,^D- 1 {«}) = (r,l,)8X>- 1 {«}), 

where A^o is (ti x m)-constant matrix, q and r are m-component vectors, u and 
v are scalar functions, /3 € K, denotes indefinite integral of the function u 

with respect to x. After reduction ([22]) k-cmKP hierarchy ([21]) takes the form: 

[L k ,M n ] = 0, L fc = B k - qM Q D- 1 r T D + v + fiD^u, M n = a n d tn - B n , 

B n = D- + ^- 1 1 u i D\ {ZA) 

In the following subsections we will investigate hierarchy (|23j) in case k = 1. 
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3.1. Reductions of the Chen-Lee-Liu system. Let us put k = 1, n = 2. Then 
Lax pair (|23|) becomes: 



(24) 



[L U M 2 ] = 0, L 1 ^D-(\M D- 1 r T D + PD- 1 u + v, 
M 2 = a 2 d t2 -D 2 + 2(qM r T - v)D. 

A system that corresponds to equation (|24|) has the form: 

«2q t2 = <lxx - 2(qM r T - v)q x , a 2 rj 2 = -rj x - 2rJ(qX r T - v), 

a 2 u t2 + u xx + 2 (u{qM r T - v)) x = 0, (25) 
-a 2 v t2 + 2/3u x + v xx - 2 {qMov 1 —v)v x = 0. 



Consider additional reductions of Lax pair (|24|) and system (|25j) . 

(1) Assume that Mo = -Mq, r T = q*, v = -2iIm(/3-D -1 {u}) (L* = -DLiD^ 1 
M 2 * = DM 2 D~ 1 ). Then equation fl55j} takes the form: 

a 2 qt 2 = q xx - 2(2ilm{f3D~ 1 {u}) + q-Moq^q*, 
a 2 u t2 +u xx + 2 (u(2iIm(/3L>- 1 {u}) + qM q*)) x = 0. 

(2) Let us put A4q = in operators Lj and M 2 : L\ = D + fiD~ 1 u + v, 
M 2 = a 2 d t2 — D 2 — 2vD. Then equation (|2"5| becomes the Kaup-Broer 
system: 

a 2 u t2 + u xx - 2(uv) x = 0, -a 2 v t2 + 2j3u x + v xx + 2vv x = 0. (26) 



In case u = in (|26[) we obtain the Burgers equation: ~a 2 Vt 2 + v xx — vv x — 
0. 

(3) Consider the case u — in operators L\ and M 2 (|25|) : L\ = D—qMoD~ 1 r T D+ 
v, M 2 = a 2 d t2 ~ D 2 + 2(v + qM r T )D. Then ([25]) reads: 

a 2 (lt 2 = q. xx - 2(qM r T - v)q x , a 2 rj 2 = -rj x - 2rJ(qA4 r T - v), 
-a 2 v t2 + v xx - (qA^or -v)v x = 0. 

3.2. Reductions of the modification of Korteweg-de Vries system (|19p . 

Now let us consider the hierarchy (f23|) in case k — 1, n = 3. Then its Lax pair L\, 
M 3 in (ESI reads: 



(27) 



-a 3 w t3 + + 3vv xx + 3w 2 w x + 3u 2 + 6/3(uv) x + 
+3 {(qM r T ) 2 - q x M r T } v x - 3qAl r T u xx - 
-6qMor T W x - Z0(qMor T u) x - 3f3qM r T u x = 0, 
«3qt 3 = Ixxx + 3(v - qM r T )q xx + 
+3 {(qM r T - v) 2 - q x M Q r T + v x + f3u} q x , (28) 

asrj 3 = r~l xx - 3 (rj (« - qAf r T )) x + 
+3rJ {(qM r T - v) 2 - qxA4 r T + v x + (3u} , 

a 3 ut 3 = «„ x - 3 (u(v - qMor T )) xx + 
+3 (u ((qM„r T - v) 2 - q x M v T + v x + /8«)) a . 

Consider additional reductions in Lax pair (|27|) and corresponding system (|28|) . 



[L X ,M 3 ] =0, Li = D — qM a D- 1 v T D + j3D^u + v, M 3 = a 3 d t3 - D 3 - 
-3(« - qA4 r T )L> 2 - 3 ((qA4 r T - w) 2 - q,M r T + fiu + v x ) D. 

Commutator equation in (|27j) is equivalent to the system: 
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(1) Assume that v = -2jIm(/3L»- 1 {u}), q* = r T , u € R, M = -Mq {L\ = 
-DL 1 D- 1 , M| = -DM3D- 1 ). Then system ([28]) takes the form: 

«3qt 3 = <lxxx - 3(2iIm(J)u) + qM q*)q xx + 
+3 ((qM oq* + 2ilm(/3u)) 2 — q^A^oq* + P u — 2ilm(J3u)) q x , foa -, 
a 3 u t3 = u xxx + 3 {u (2ilm(j8tt) + qA-foq*)}^ + 
+3 (« {(qA4 q* + 2ilm(^u)) 2 - q x A4 q* + - 2ilm{^u)}) x . 

(a) Let us assume that in addition to reductions described in item 1 func- 
tions q and u with matrix A4q are real-valued (i.e., matrix A4q is skew- 
symmetric: A4g = ^ A4o) and u = 0. Then the scalar qA / (oq T = 
since qA^oq T = — (qA / (oq T ) T and equation ([29]) reads: 

"3qt 3 = <lxxx - 3q x M (l T c[ x + 3(3uq x , 
a 3 u t3 = u xxx - 3(uq x M q T ) x + 6(3uu x . 

(2) Let us put M = in operators L\, M 3 (|2"7|) : 

Li = D + pD- x u + v, M 3 = a 3 d t3 - D 3 - 3vD 2 - 3{v 2 + v x + fiu)D. 
Then equation ([28} takes the form: 

-a 3 v t3 + v xxx + 3vv xx + 3v 2 v x + 3vl + 6/3(uv) x = 0, , , 

a 3 Ui 3 = - 3(uu) xx + 3(u(v 2 + v x + (3u)) x . ' 

(a) Under additional restrictions v — -2iIm(D~ 1 {/3u}) (L\ = —DLiD' 1 , M 3 
—DM 3 D~ 1 ) in item 2 we obtain a complex generalization of the mod- 
ified Korteweg-de Vries equation: 

a 3 u t3 = u xxx + 6i(-u/m(L) _1 {/3u})) xx + . , 

+3(w(-4/m( J D- 1 {M) 2 ~ 2ilm(mt) + /3u)) x . { ' 

In the real case ((3 £ R, u is a real-valued function, w = 0) operators 
Li and M 3 take the form: L x = D + /3D~ 1 u, M 3 = /3d t - D 3 - ZfiuD, 
and we obtain KdV equation in (1321) : 



a 3 M t3 = -I- 6f3uu x . (33) 

(3) Let us put u = Oin Lax pair (|27)l: L a = D-qA4o-D _:L r T .D+i;, M 3 = a 3 d t3 - 
D 3 - 3(v - qM r T )D 2 - 3 ((qM a r T - v) 2 - qM Q r T + v x ) D. Equation 
(l28l) becomes: 



(34) 



-a 3 v t3 + v xxx + 3vv xx + 3v 2 v x + 3v%+ 
+3 {(qM Q r T ) 2 - q x M Q r T }v x - 3qM r T v xx - 6qM r T vv x = 0, 
«3qt 3 = <lx XX + 3(v - qM r T )q xx + 
+3 {(qAf r T - v) 2 - q x M r T + v x } q x , 
asrj 3 = rj xx - 3 (rj (v - qM r T )) x + 
+3rJ {(qM n r T - v) 2 - q x M r T + v x ) . 

4. Dressing methods for k-cmKP hierarchy 

In this section our aim is to elaborate dressing methods for the k-cmKP hierarchy 
(|11[) . At first we recall a main result from paper |35j . Let 1 x AT- matrix functions 
(p and ip be solutions of linear problems with (2+l)-dimensional generalization of 
the operator L k ([4]) wit more general differential part B k '. 

L k {<p} = cpA, L T k {^} = ipl, A, A e Mat KxK (C), 
ifc = Mr k +B k + qA4o J D" 1 r T , B fc = ^=0 "j-^ ■ 
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Introduce a binary Darboux transformation (BDT) in the following way: 

W = I - <p (C + D~ 1 {tp T (p}) 1 £)"V T := / - ifiA^D- 1 ^, (36) 

where C is a K x if-constant nondegenerate matrix. The inverse operator W~ l 
has the form: 

W 1 =1+ (pD- 1 (C + D^i^ipjy 1 V T = J + (pD~ 1 A~ 1 ip T . (37) 
The following theorem is proven in [35] . 

Theorem 1. JJ5f The operator L k := WL k W~ x obtained from L k in {35)) via SDT 
i |g6]) /ias the form 

L k := W^W" 1 = /3 fe 9 Tfc + B fe + qMoD- 1 ^ + ^MD' 1 ^ , 

where 

M = CA- A T C, $ = ^A- 1 , * = VA" 1 ^, A = C + D^i'ftp}, . . 
q= V^{q}, f = W^^ T {r}. [ ' 

Uj are scalar coefficients depending on functions p, tp andui, i = 0, j. In particular, 

u k = Uk, Uk-x = Uk-i, 

The exact forms of all the coefficients Uj can be found in '351. 

Using the previous theorem we obtain the following result for (2+l)-generalization 
of operator L k from the k-cmKP hierarchy (1TT1) : 

Theorem 2. Let (1 x K) -vector functions ip and ip satisfy linear problems: 

L k {p} = ipA, L r k {i)} = ipA, A, A G Mat KxK (C), 
L k = [3 k d Th + B k - clM q D- 1 v t D, B k = £* =1 Ui D\ 1 ' 

Then the operator L k transformed via operator 

W m := w^W = Wq 1 (J - ipA^D- 1 ^) =1- pA^D-^D-^^D, (41) 
where 

w = / - ^A- 1 ^- 1 W T }, A = -C + D-^D- 1 ^}^}, 
A = C + D- l {if T i P }, 

has the form: 



(42) 



L k := W m L k W~ x = f3 k d Tk +B k - qM D- l v T D + QMD-^D, 
Bk = J2j=i UjDi, u k = u k , u k -i = u k -i + kukiv^wo^, 
where 

M = CA- A T C, l> = -Wmip}^ 1 = pA- 1 , 

* = !>- 1 {W£" 1 ty}}C- 1 ' T = D~ 1 {ip}A~ 1 ' T , q = W m {q}, (43) 
f = D- l W-^ r D{r}, A = -C + D- l {D- l {ij T } Vx }. 

Proof. Let us check that 

w^ 1 =1- cpAD- 1 ^}, A = -C + D~ 1 {D~ 1 {ip T }tp x }. 

In order to do that we have to verify the equality wqWq 1 = I: 

wqWq 1 = I — pA^D- 1 ^} - p>A~ 1 D~ 1 {ip T } 
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+ V ?A- 1 (C + D- X {V T ^} -C + D~ 1 {D- 1 {tp T }ip x }) tpA^D- 1 ^} = I 
Analogously can be verified that Wq Wq = I- By Theorem 1 we obtain: 

WraLkW,- 1 = w^W (l3 k d Tk + B k - qM r T + qM DM) W^wo = 

fad Tk + (WmLkW- 1 )^ - w^WiqjMoD- 1 (W-^{r x }y w a + (44) 

We shall point out that: f T u> = A' 1 ^ (I-cpA~ 1 D- 1 {ij; T }) = (A" 1 D" 1 {?/> T "}) x = 
. We shall also observe that: 

{W-^iv^Ywa = (rj - D- 1 {rJ V >}A- 1 ip T ) (i - ipA^D- 1 ^}) = 
(r T - D^{vl v }A^D-^{^}) x = {D-^W-^D{v})l = f J 



Thus (|44|) can be rewritten as: 

L h = W m L k W- 1 = w^W (f3 k d Tk +B k -qM r T + qMD^vl) W^Wq = 

/3 fc 9 Tfc + (M/ m L fe ^ m 1 )> + qX ^- 1 fJ -QMD-^J = _ 

Mr k + (W m L k W m 1 )>o + qM i T -$MV T -qMoD-^TD- { ' 

+^MD~ 1 ^ T D 



Using that L k {l} = u = we obtain the form of B k . I.e., B k := (W m L k W m 1 )>o + 
qM t T - l>M# T = £)} =1 %£> J - □ 

Theorem [5] provides us with a dressing method for k-cmKP hierarchy (fTTj) . I.e., 
the following corollary directly follows from the previous theorem: 

Corollary 1. Assume that operators L k and M n in ill]) satisfy Lax equation: 
[L k ,M n ] = 0. Let functions (p and ip satisfy equations: 

L k {(p} = (pA, L T M = ipA, A, A e Mat KxK (C), , . 

M n {ip} = 0, MM - 0. ( ' 



Then transformed operators L k = WmLkW^ (see with j3 k — Q) and 

M n = W m M n W~ x = a n d tn -D n ~Y, ( 4? ) 

i=l 

via transformation W m also satisfy Lax equation: [L k , M n ] = 

Proof. It can be checked directly that: [L k ,M n ] = \W m L k W^ ,W m M n W^\ = 
W m [L k , M^W^ 1 = 0. The exact form of operators L k and M n follows from The- 
orem O □ 

The following corollary follows from Corollary 1 and Theorem [5] 

Corollary 2. Suppose that functions ip andip satisfy equations |^6] j with operators 
L k and M n defined by I123\) then transformed operators have the form: 



where 



L k = B k - qMoD^^D + ^MD' 1 ^ D + v + 13D- I u, . . 

M n = a n d tn - B n , B n = D n + E-Li 1 1 ' 
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M = CA - A T C, $ = -Wmi^C- 1 = 99A- 1 , 

* = D- 1 {W£~ 1 M}C~ 1,T ^ f-HV'IA- 1 ^, q = ^™{q}, 

? = Wm 1,T {r}, A = -C + D~ 1 {I>- 1 {^ T }V*} J A - C + D- 1 ^ 1 "^}, 

u = W- 1 ' T {D- 1 {«}}, « = W ro {w} + j 8i?- 1 iy- 1 '' r {«} - /3W m {D- l {u}}. 



(49) 



As it was shown in previous Sections the most interesting systems arise from 
the k-cmKP hierarchy (fTTj) and its reduction (J22J) after a Hermitian conjugation 
reduction. Our aim is to show that under additional restrictions Binary Darboux 
Transformation W rn (|41[) preserves this reduction. 



Proposition 1. (1) Let ip — ip x and C = —C* in the dressing operator W m 
(gTp. Then the operator W m is D-unitary (W m x = D~ l W^D). 

(2) Let the operator L^ ill]) be D-Hermitian: L* k = DL^D -1 (D-skew-Hermitian: 
L* k = —DLfrD^ 1 ) and M n hll\) be D-Hermitian (D-skew-Hermitian) . Then 
the operator L\ — WmL^W^ 1 (see \4^ ) transformed via the D-unitary op- 
erator W m is D-Hermitian (D-skew-Hermitian) and M n := W m M n Wm 
|^7| ) is D-Hermitian (D-skew-Hermitian). 

(3) Assume that the conditions of items 1 and 2 hold. Let A = A in the case 
of D-Hermitian L^ (A = —A in D-skew-Hermitian case). We shall also 
assume that the function (p satisfies the corresponding equations in formulae 
||6p. Then M = M* (M = -M*) and * = § (see formulae 

In subparagraph 4.1 we will show how one can use methods described in Theorem 
[2] and its corollaries in order to obtain solutions of KdV equation (|33|) and its 
generalization ([30]) 



4.1. Solution generating technique for system (|30p and KdV equation 
(1331) . We shall consider equation (|30[) in case the dimension of vector q and matrix 
M.q is even. I.e., m = 2m, to e N (in this situation skew-symmetric matrix M.q 
can be non-degenerate). Assume that the skew-symmetric matrix Mq in (|30[) and 
vector-function q has the form: 

Mo = ( _°? n m ) , q = (qi, qa) = «12, • • • , qim, qix, 922, • ■ • , 92m) , (50) 

where m is a rh x m-dimensional matrix consisting of zeros, I m is an identity matrix 
with the dimension rh x rh. Equation (|30[) after notation u := u can be rewritten 
in the following form: 

«3qi,t a = qi,xM - 3(qi, x qJ - q2,xq7)qi,^ + 3/8uqi, x , 
"3q2,t 3 = q2, 2; x 2; - 3(qi !X qJ - q 2 ,xqi r )q2, :!; + 3/3-uq 2 , x , (51) 
a 3 {t t3 = - 3({t(qi^qJ - q2^q ] r ))x + Q/3uu x . 

In this subsection our aim is to consider the case to = 1 (although the corresponding 
solution generating technique can be generalized to the case of an arbitrary natural 
to). In this situation q! = qi and q 2 = 92 ar e scalars. We shall suppose that 
K = 2K is an even natural number. Assume that the function ip is (1 x AT)-vector 
solution of the system: 

L10M = ip x + pD- x {uy} = ipA, A e MatKxK (C), /3 e R, ^ 
M 30 {</>} = 0:3^*3 - - 3/3m^ x = 0, 

with a number uel. 
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Using Theorem [2] and Proposition [T] we obtain that dressed operators Lio and 
M30 via operator W m (|41[) with skew-Hermitian matrix C and ip — <p x has the 
form: 

L 10 = W m L w W- x = D + QMD-i&D + fiD^u + v 
Mw = WmMsoW- 1 = a 3 d t3 - D 3 - (v + $>M$>*)D 2 - (53) 
v) 2 + <& X M<&* +v x + fiu\ D, 



-3 (($M<I* 



where M = CA-A*C*, $ = ^A" 1 , u = u-D{(pK- 1 D- x {y T u}}, v = 0(^D- 1 {(p*u}- 
D -1 !?!^}^*), A = -C + D~ 1 {tp*tp x }. It has to be pointed out that the function 
$ = -W m {Lp\C~ x = ^A -1 satishes equation: M 30 {l>} = because Af 30 {$} = 

w m M w w- l {w m {<p}c- 1 } = 0. 

Now we assume that function ip, matrices C and A are real. In this case v = 
i T = p^D^i^u] - D- 1 {wp}$ T ) T = -v = 0. 
Let us put 

A = diag(\u, X12, A21, A22, • ■ • , X^ l7 A^ 2 )j Ay £ 



C 



r Cn C12 . . • C 1 x \ 

C*21 C22 ■ • • 



(54) 



V @K1 ^K2 ■ ■ ■ ^kk I 
where elements Cij are (2 x 2)-matrices of the form 





Gy= ' (55) 

Under such a choice of C ([5"5j) and A (|4.ip we obtain that 2/f x 2i4T-dimensional 
matrix M = CA - A T C T has the block form: M = {Mtj)f j=1 , where Mij = Mo 
(see formula ((511)) in case m = 1). Let us denote by: 1^- = (I 2 , . ■ . ,I 2 ) matrix that 
consists of K (2 x 2)-dimensional identity matrices I 2 . Then .M = — l^A4ol^-. 

Let us put u = const and choose solution of system (|52[) in the form: = 
( ill, <Pr2</?2i , I22, • - • , fkv Vm)' fij = ea; P{(|^y +7*i)* + o»i*}) where 7^ = 
yJ\X^ - ~pu, ay = { (iXij + 7 y ) 3 + 3/3u (iAy + 7y ) } /a 8 . (2# x 2#)-matrix A 
then takes the block form: 



A 



K 



Qui c (aii +a,i )z+(q, 1 +q.,i )t aj 2 p («i2+«3i)a+(o«2+aji)* 



aa+aji ai2+aji Aj2+Aii 

gji P («a] +os 2 ):r+(a,i +qj2)t 3_ 



i=i 



\ an+aj2 Aji+Ai2 a;2+c«j2 

(56) 

where a%j = ^Xij+^/ij. Functions q = (qi, q 2 ) = (^A _1 lJ and u = u—D ^tpA~ 1 D~ 1 {ip T u}^ 
will be solutions of system ([5T|) . 

We shall point out that in case /3 = 0, K = 1, 0:3 = 1 we obtain the following 
solution of the real version of the mKdV-type equation (equation (ISTj) with u = 0): 

/ \ _ 2(An+Ai 2 )yi2 _ 2(An+Ai 2 )yn 

4 \11,<12), qi (A 11 -A 12 )y 11 y 12 -2' ^2 (An -Aia^nvns -2 > 

^ li = e A l3 -x+A? it3j A y >0 , j = l,2. 
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It is also possible to choose other types of matrices C and A in (|4.1|) and (|55[) . In 
particular the following remark holds: 

Remark 1. In case K = 1 vector of functions cp — (ipi,ip2), ifi = cos(a;Ai2 + 
(3Af!Ai2 - X 3 12 )t + E) e ^ii+(^i-3XnX 2 12 )t ) V2 = sin^A^ + (3A? x Ai2 - A? a )t + 
|^ e xAii+(A? 1 -3AuA? 2 )t_ w m ^ e a so l u fo on j ^ e S y S tem t5$fy with u — and 

A = [ ^l 1 ^ 12 ] . The corresponding solution generating technique given by 
V 'V J An / 

/ \ 

fr4.1\ )- [4-l\ ) * n case K — 1, C x = C\ = I i 2 ^. 11 j gwes us a solution of 

mKdV-type equation \51)) with u = £/ia£ coincides with a solution obtained in \3b^ . 

Now we will consider solution generating technique for KdV (|33|) . For this 
purpose we assume that function tp, matrices A = diag(Ai, . . . , A^-) and C = 
diag{C\ . . . , C&) are real and have the form: 

In this case we obtain that the matrix = CA — A T C T consists of zeros in ((5 
Consider the following solution of system (|52|) : 

</3 = fall, <P12, </?21 , <^22 , • ■ • , V^i , <^ 2 ) > 

^i = e ^ x+a ^ cosh f ^-x + 6,-tJ , <p j2 = e* x+a >* sinh \^-x + bjtj , 

where 7j = yj^-fiu, a s = ( 7 f + f 7j A 2 + 3/3u 7i ) /a 3 , &j = (3 7 2 ^ + $ + fjSuAj) / 
and Aj, a^, /3, u G M. Thus, w = and we obtain Lax pair for KdV equation in 
(E3l): Lio = £> + (SD^u, M 30 = a 3 d ta - D 3 - 3(3uD. 
Formula 

u = u-D^(pAr 1 D~' L {<p T u}'\ :=u + u, (58) 

gives us a finite density solution of equation p3j) . In particular, if = 1 and 
c q = i— we obtain the following solution: 

1 8 71 ° 

2-y 2 

u = u+ 2— i . (59) 

/3cosh ('fix + ait) 

Now we shall substitute u ([55)1 in KdV equation (133)) : 

a 3 u t3 = u x;Ea: + + 6/3uu x . (60) 

The corresponding pair of operators have the form: L\ — D + /?D _1 ({t + it), M3 = 
a 3<5t3 — -C 3 ~ 3f3iiD — 3f3uD. We have two ways to obtain soliton solutions (that are 
rapidly decreasing at both infinities in contradistinction to finite density solutions 
(1551) that tend to an arbitrary real number u) for KdV from formula (f58"|) : 

(1) By taking the limit u -» in (pi ]) - (j6"0"]l . 

(2) By making a change of the independent variables: x := x + dta^ 1 f3ut$, £3 := 
£3 and v(x 7 t 3 ) :— u(x,t 3 ) in equation (l60|) and solutions (l58l) - (|59)l . This 
change corresponds to the change of differential operators in the Lax pair 
for equation (|60[) consisting of operators Li and M 3 : a 3 &i = a 3 3t 3 —3f3uD. 



«3 
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5. Conclusions 

In this paper we obtain new generalizations (f23|) of the modified k-cKP (k-cmKP) 
hierarchy (fTTj) . The obtained hierarchy also generalizes the BKP hierarchy 
which is the special case of the k-cmKP hierarchy. Dressing methods elaborated 
via BDT-type operators (Section 4) give rise to exact solutions of the integrable 
systems that hierarchy (|23j) contains. In particular, soliton solutions for general- 
ization of mKdV-type equation (|51|) and finite density solutions as well as regular 
soliton solutions were constructed for the KdV equation using the proposed dress- 
ing methods. This methods also allow to obtain rational and singular multi-soliton 
solutions of the corresponding nonlinear systems under the special choice of spec- 
tral matrix A in the linear system (|52j) . In order to minimize the size of this article 
we do not include those results here. We shall point out that the special case of 
equation (|5Tj) (u = 0) and its solutions were considered in [55] . Generalizations (j2"3")l 
of the k-cmKP hierarchy (fTTj) together with different extensions of k-cKP hierarchy 
(including (1+1) and (2+l)-BDk-cKP hierarchy [32H34] ) is a good basis for con- 
struction of other hierarchies of nonlinear integrable equations with corresponding 
dressing methods. In particular in our forthcoming papers we plan to introduce 
(2+l)-BDk-cmKP hierarchy and investigate solution generating technique for the 
corresponding integrable systems. Consider as an example Lax pair from the (1+1)- 
BDk-cKP hierarchy that was investigated in [33] : 

P hl = D +c 1 M 2 {( i }MoD- 1 r T + c^qMoD-^MZirjy + coqMoD- 1 ^ = 
= D + a (a 2 qt 2 M D' 1 r T - a 2 qM D- 1 rJ 2 - q^MoD^r 7 - , . 

-qMoD^rJx - uqM a D- 1 v T - qM {) D- 1 v T u) + c qM D- 1 r T , [ ' 

M 2 = a 2 d t2 - D 2 -u. 

It was shown in [33] that the Lax equation [Pi^Ma] = in (161|) is equivalent to 
the system: 

[Pi,i,M 2 ]> = 0, Cl M|{q} + c A/ 2 {q} = 0, Cl (Af 2 r ) 2 {r} + c Af 2 T {r} = 0. (62) 

that is equivalent to the generalization of the AKNS system. In case cq = 1, c\ = 
we obtain AKNS system in (1621) : 

a 2 q t2 - Qxx - uq = 0, -a 2 r t2 -r xx -ur = 0, u = 2qX r T . 

Assume that the scalar function / satisfies equations Pi = /A, M 2 {f} = 0. We 
shall introduce the notations M 2 := /" 1 M 2 /, Af 2 := DNhD" 1 , Pi,i := / _1 Pi,i/, 
q := J _1 q, f T := I? _1 {r T /} and consider the following gauge transformations 

M 2 = r l M 2 f = a 2 d u -D 2 - 2uD, u = f~ l f x , 

Pl,l, = r X A,l/ = D + f- l f x + c 1 f- 1 M 2 {q}M D- 1 r T f+ 

+c 1 f- 1 qM D- 1 (M^{r}) T f + Cof^qMoD- 1 ^ f = 

= D- cxM^MqD- 1 ^ D - ciqM () D- 1 {M 2 T {Y}) T D - coqMaD^^D. 

The equation [M 2 ,Pi > i] = is equivalent to the following system: 

[Pl,l,M 2 } >0 = 0, Cl M|{q} + c A/ 2 {q} = 0, Cl (AfJ) 2 {f} + c A/J{f} 

or in the equivalent form (after notation qo := q, i"o := f ): 

[Pi,i,^2]>o = 0, qi = M 2 {qo}, n = M 2 T {r }, 
CiM 2 { qi } + c M 2 {q } = 0, ciM 2 T {n} + c M^{r ] = 0. 



= 0. (63) 
(64) 
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System (|64[) is the generalization of the Chen-Lee-Liu system (case ci = 0, 
co = 1). In case of additional reduction 0L2 £ «K, cq = 0, ci€ R, A4q = — Mq, r = q 
reads as following: 

«2qo,t 2 - qo.xz + 2ci(qi>toqS + qoMoqi)qo,x - qi = 0, 
«2qi,t 2 - qi.xoi + 2ci(qiA1oqS + qo-Moq*)qi,a: = 0. 

We shall also point out that the extension of the k-cmKP hierarchy (|23|) can also 
be generalized to the matrix case. It leads to matrix generalizations of integrable 
systems that hierarchy (|2"5|) contains (including Chen-Lee-Liu (|16p and modificd- 
type KdV equation (|19[) ). In particular, the matrix generalization of the modified 
KdV-type equation (|19|l differs from the well-known matrix mKdV equation that 
was investigated by the inverse scattering method in [30] . 
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